For µ given latin squares of order n, they have k intersection when they have k identical cells and n 2 − k cells with mutually different entries. For each n ≥ 1 the set of integers k such that there exist µ latin squares of order n with k intersection is denoted by I µ [n]. In a paper by P. , I
Introduction and preliminaries
A partial latin rectangle is an r × n (r ≤ n) array such that each cell is either empty or consists of a symbol from a set of n distinct symbols (e.g. {1, 2, . . . , n}), and that each symbol appears at most once in each row and in each column. A latin rectangle is a partial latin rectangle when all cells are non-empty. A (partial) latin square of order n is an n × n (partial) latin rectangle. We assume the set of symbols {1, 2, . . . , n} are used in latin squares of order n.
A µ-way latin square (µ ≥ 2) of order n is a set of µ latin squares of order n with the following property: the µ entries in cells with the same Let T be a µ-way latin trade of order n. In the following results, R i and C j denote the set of elements of row i and column j of T , respectively. Next lemma is an immediate result from the definition of µ-way latin trades.
LEMMA 1.2 [3]
Let T have a nonempty cell (i, j). Then |R i ∩ C j | ≥ µ. 
Similarly, assume that j 1 = j 2 and cells (i, j 1 ), (i, j 2 ) are nonempty. If |R i | = µ + 1 and |C j 1 | = |C j 2 | = µ, then
Proof. By symmetry, it suffices to show only the first part. According to Lemma 1.2 we have R i 1 , R i 2 ⊆ C j . Therefore, there are two possibilities: |R i 1 ∩ R i 2 | = µ − 1, or |R i 1 ∩ R i 2 | = µ (in which case R i 1 = R i 2 ). We show the latter case is not possible. If the latter case happens then there exists an element x ∈ C j \ (R i 1 ∪ R i 2 ). This means that x can appear in at most µ − 1 cells of column j, which is a contradiction as each element should appear in exactly µ cells of a row or column.
LEMMA 1.3
If an element appears at least n − µ + 1 times in the intersection part of a µ-way latin square L, then it appears only in the intersection part of L.
Proof. By Lemma 1.2, if an element appears in the trade, then it appears in at least µ rows (and µ columns) of each partial latin square in the trade. Hence, there are at most n − µ available positions for that element in the intersection part.
In [2] it is shown that I 3 [2n] ⊇ I 3 [n] + I 3 [n] + I 3 [n] + I 3 [n] for n ≥ 1. This can be simply generalized to I µ [2n] for any µ ≥ 4. Using this generalization, together with the fact that any latin square of order i can be embedded in a latin square of order 2n when i ≤ n, we obtain the following proposition. PROPOSITION 1.1 For any n ≥ 1 and µ ≥ 2 we have
LEMMA 1.4 Let L be a µ-way latin square of order n with k fixed cells. If p is the number of elements of L which appear only in the intersection part then
Proof. From the definition of µ-way latin square, each of the other n − p elements appears at least µ times in the cells of the trade part of L. So, each of these n − p elements can appear at most n − µ times in the cells of the intersection part. Hence, k ≤ pn + (n − p)(n − µ), or equivalently, µp ≥ µn − n 2 + k.
LEMMA 1.5 Let L be a 4-way latin square of order 7 and {a i } be its row (or column) sequence. None of the sequences {7, 3}, {7, 7, 2} and {7, 7, 7, 1} can be a subsequence of {a i }.
Proof. We show that {7, 3} can not be a subsequence of the row sequence of any 4-way latin square of order 7. Other statements are similar. Suppose, on the contrary, that there is such an L. By a permutation on row and columns of L, we may assume that the first and second rows have 7 and 3 fixed cells, respectively, and the fixed cells of the second row are located at the first 3 columns. By a permutation on the elements, we may assume that 1 2 3 4 5 6 7
x y z Figure 2 : A possible {7, 3} sequence.
the first row is filled as 1, 2, . . . , 7 in order, and the 3 fixed elements of the second row are x, y, and z (see Figure 2 ).
Consider the cell (2, 4) in the trade part. Since there should appear four different elements distinct from x, y, z and 4, we should have 4 ∈ {x, y, z}. By a similar argument for the rest of cells in the second row, we have 5, 6, 7 ∈ {x, y, z} which is impossible.
With the same approach as in the above, we can show the following two lemmata as well.
LEMMA 1.6 Let L be a 4-way latin square of order 6 and {a i } be its row (or column) sequence. None of the sequences {6, 2} and {6, 6, 1} can be a subsequence of {a i }.
LEMMA 1.7 Let L be a 4-way latin square of order 5 and {a i } be its row (or column) sequence. The sequence {5, 1} cannot be a subsequence of {a i }.
Constructions
In this section, we introduce four techniques which contribute to the generation of the majority of 4-way intersections. The first technique is inspired by [2] and the rest are new. We start with illustrating the first technique by an example, then elaborating the technique in the sequel. . . . . 6 7 8 9 7 8 9 6 8 9 6 7 9 6 7 8 .
By combining these partial 4-way latin squares, we obtain a 4-way latin square of order 9 with 17 fixed cells.
TECHNIQUE 2.1 [n → 2n + 1 technique]
This technique constructs a µ-way latin square of order 2n + 1 by generating and combining three partial µ-way latin squares A, B, and C. Partial latin squares A, B, and C are generated as follows. Let A ′ be a µ-way latin square of order n + 1 with elements from {1, . . . , n+1}. A is constructed by embedding, symmetrically, the first n rows of A ′ , at the up-right and down-left corners of a square of order 2n + 1 and laying the (n + 1) th row of A ′ at the down-right corner, diagonally. B is constructed by embedding a µ-way latin square B ′ of order n with elements from {n + 2, . . . , 2n + 1} at the top-left corner of a square of order 2n + 1. C is made by embedding a partial µ-way latin square of order n + 1, say C ′ , at the down-right corner of a square of order 2n + 1. Note that the elements of C ′ are from {n + 2, . . . , 2n + 1} and diagonal cells of C ′ are empty.
The following lemma is a generalization of Lemma 2.3 in [2] . As in Proposition 1.1, by the fact that any latin square of order i can be embedded in a latin square of order 2n+1 when i ≤ n we have
where
TECHNIQUE 2.2 [Trade-into-Trade technique]
In this technique we consider a µ ′ -way latin square of order n. Then for each i, 1 ≤ i ≤ µ ′ , we substitute each entry of unfixed cells in the i th latin square with a proper µ i -way latin trade of order m. In this way we obtain a ( µ ′ i=1 µ i )-way latin square of order mn. Let's illustrate a simple case of this method with the following example. EXAMPLE 2.2 Consider the following 2-way latin square of order 4 with 9 fixed cells.
Now we replace each A i , 1 ≤ i ≤ 4, with a 2-way latin trade. Note that elements of any two trades corresponding to two different A i are disjoint. In this way, we obtain the following 4-way latin square of order 8 with 36 fixed cells. More generally, this technique can be used to construct fine structures which are defined in [5] .
Let's consider an example before explaining next technique. EXAMPLE 2.3 Since the following three partial latin squares are completable to a latin square of order 9 we have 46 ∈ I 3 [9] . figure, where A = {1, . . . , a}, B = {a + 1, . . . , n} and A ∪ B are the sets of entries at the specified portion. Then by cyclically permuting the rows of the two subrectangles of order y ×b and (y + x) × a, we obtain a µ-way latin square of order n (after filling the empty cells identically, in all latin squares).
Sufficient conditions for having such a completable partial latin square are
Briefly, conditions (1), (2) , and (3) ensure that latin subrectangles using elements of A, B and A ∪ B can be constructed, conditions (2) and (3) guarantee that the partial latin square is completable, and condition (4) is intrinsic in the technique, condition (5) is needed when permuting the rows, Clearly, we can obtain µ-way latin trades using Technique 2.3 and since we don't require the completablity of the partial latin square for latin trades, we can relax the condition b ≥ x+µ−1 to b ≥ µ−1 and obtain the following Proposition which is used for confining possible members of I 4 [n] in the next section. PROPOSITION 2.1 For any i ∈ {0, . . . , µ}, there exists a µ-way latin trade of volume s ∈ {µ(3µ − i), µ(3µ
Proof. (sketch) For each i ∈ {0, . . . , µ}, consider Technique 2.3 for generating latin trades, with the following parameters:
x = 1, n = 3µ − i − 1, y = µ and a ∈ {µ, µ + 1, . . . , 2µ − i} As proved in [3] , there exists a µ-way latin trade of volume s for any s ≥ 3µ 2 + µ − 1. Hence we get the following corollary. figure) where A = {1, . . . , a} and B = {a + 1, . . . , a + b}. Then by permuting the rows of the two subrectangles of order a × (y + x) and b × y, we obtain a µ-way latin square of order n with n 2 − (a(x + y) + by) fixed cells. (
Main results
In this section first we introduce some notations. Then we give some proofs of the existence and non-existence of our results on 4-way intersection problem. These will lead to the proof of our main theorem stated at the end of this section.
For each n ≥ 1, define 
Now, these two corollaries are immediate:
Proofs of existence
Here, we mention the method of obtaining non-trivial members of I 4 [n], for each n ≥ 4.
• n = 4:
⋄ {0}: by Lemma 1.1.
• n = 5:
⋄ {0, 5}: by Lemma 1.1 ⋄ {1}: computer search.
• n = 6: ⋄ {0, 6, 12}: by Lemma 1.1 ⋄ {1, 2, 3, 4, 5, 7, 8, 11}: computer search.
• n = 7:
⋄ {0, 7, 14, 21}: by Lemma 1.1 ⋄ {1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 15, 16, 17, 19}: computer search.
• n = 8: • n = 9: • n = 10: • n = 12:
: by Proposition 1.1.
• n = 13: • n = 14: • n = 15: • n = 16: • n = 17: • n = 18: • n = 19: • n = 20: • n = 21: • n = 22: • n = 23: • 24 ≤ n ≤ 31: • n ≥ 32:
⋄ for even n, I 4 [n] : by Corollary 3.1.
⋄ for odd n, I 4 [n] : by Corollary 3.2.
Proofs of non-existence
Here, we prove that certain intersection sizes are not possible for small values of n. In most of the proofs, we assume that a 4-way latin square of corresponding intersection size exists. Then by argument on the extendibility and completability of 'its trade' to a 4-way latin square of needed order, we reach a contradiction.
• Proof of 2 / ∈ I 4 [5] : Suppose 2 ∈ I 4 [5] . By Lemma 1.2, we know that each row (and column) has at most 1 fixed cell. By a permutation on rows and columns, we may assume that (1, 1) and (2, 2) are the fixed cells. If these fixed cells have different elements, then there are only 3 elements left for the trade at (1, 2). Hence, they must have the same element, say 1. Now, it is easy to verify that there is not enough room for 1 in the third row as 1 cannot appear in (3, 1) and (3, 2).
• Proof of 9 / ∈ I 4 [5] and 20 / ∈ I 4 [6] : In each case, the volume of the trade is 16 and since there are at least four filled cells in each row and in each column of the trade, and also since each element appears at least 4 times in the trade, that is indeed a 4-way latin square of order 4. But, this trade cannot be extended to a 4-way latin square of order 5 or 6, as necessary condition for embedding a latin square of order m in a latin square of order n is that n ≥ 2m or m = 2n.
• Proof of 13, 16 / ∈ I 4 [6] and 22, 24, 25, 26, 29, 33 / ∈ I 4 [7] : For these intersections, we produced all possible decreasing row sequences. Then, according to Lemma 1.5 and 1.6, we ruled out all of them. (Note that we can similarly prove 9 / ∈ I 4 [5] and 20 / ∈ I 4 [6] by means of Lemma 1.7 and 1.6).
• Proof of 9 / ∈ I 4 [6] : Suppose 9 ∈ I 4 [6] . There are at least four filled cells in each row and column of its trade. So, its trade is 5 × 6 or 6 × 6. 5 × 6: There are two possible skeletons (cells containing a dot correspond to empty cells of trade) for this trade. The first skeleton is as below.
• • •
As |X| ≤ 6 (since there is a row of six nonempty cells |X| = 6) and each element of X should appear in at least four rows we have
This yields that cell (3, 3) of this trade cannot be filled to get a 4-way latin square of needed order. The second possible skeleton is
As we have a row of six nonempty cells we have X = {1, 2, . . . , 6}. Suppose 6 / ∈ X \ R 2 . To be able to fill the cell (2, 3) in order to obtain the needed 4-way latin square, we should have 6 / ∈ C 1 , C 2 , C 3 . But this is a contradiction as 6 should appear in at least 4 columns of this trade. 6 × 6: In this trade, there are at least three rows and three columns with two empty cells. We can assume the first three rows and columns are so. There is one row and one column with only one empty cell. By permutation, assume that the last row and column are like this and hence cell (6, 6) is empty. Suppose R 6 = {1, 2, . . . , 5}. We can assume, by Corollary 1.2, that C 1 = {1, 2, 4, 5}, C 2 = {1, 2, 3, 4} and C 3 = {1, 2, 3, 5}. According to Corollary 1.1, we can assume that R i = C i for i = 1, 2, 3 and hence by Corollary 1.2 we have C 6 = {1, 2, . . . , 5}. Each element should appear in at least four columns, so X = {1, 2, . . . , 5}. Now one can simply check that empty cells of three first rows and columns cannot be filled in a latin way to obtain the 4-way latin square of needed order.
• Proof of 20 / ∈ I 4 [7] : Let L be a 4-way latin square with intersection size 20. The row (or column) sequence of L can only contain {0, 1, 2, 3, 7} (Lemma 1.3). The row (or column) sequence cannot contain more than two 7s as there are only 20 cells in the intersection part. If it contains only one 7, it cannot contain 3 and if it contains exactly two 7s, it cannot contain 2 or 3 (Lemma 1.5). In both cases, the maximum intersection size would be 19 (7 + 6 × 2 or 7 + 7 + 5 × 1).
Hence, the row sequence of L does not contain 7. Similarly, there can be no 1s and there is exactly one 2, and (up to symmetry) the only valid row (and column) sequence is {a i } = {3, 3, 3, 3, 3, 3, 2}. Without loss of generality, suppose that the first column has intersection size 2 and these intersections are the two top cells of this column. At least one of the two first rows has intersection size 3. Suppose this row is the first one. Furthermore, suppose that these 3 intersections are located in the first 3 cells of this row. Applying Corollary 1.1, we deduce that the same set of numbers (Suppose {1, 2, 3}) appears in the intersection part in the last four columns. So, there are 3 numbers that appear at least four times in L. By Lemma 1.3, any of these numbers appears exactly 7 times in the intersection part. Hence, L has intersection size at least 7 × 3 = 21 > 20.
• Proof of 37 / ∈ I 4 [8] , 54 / ∈ I 4 [9] and 73 / ∈ I 4 [10]: We prove 54 / ∈ I 4 [9] and the other ones are similar. Suppose 54 ∈ I 4 [9] . There are at least four filled cells in each row and column of its trade. So, its trade is 5 × 6 or 6 × 6. 5 × 6: Each element of this trade should appear in at least four cells of it. So at most six elements are in this trade. Since there is a row of six nonempty cells, we have X = {1, 2, . . . , 6}. To extend this trade to a 4-way latin square of order 9, we should place other three elements, {7, 8, 9}, in the added rows and empty cells. But this is not feasible. 6 × 6: The same as 6 × 6 case of 9 / ∈ I 4 [6] we can prove that X = {1, 2, . . . , 5}. But this trade cannot be extended to the desired 4-way latin square using other four elements, {6, 7, 8, 9}.
• Proof of 39 / ∈ I 4 [8] and 56 / ∈ I 4 [9] : We prove 39 / ∈ I 4 [8] and the other one is similar. Suppose 39 ∈ I 4 [8] . There are at least four filled cells in each row and column of its trade. So, its trade is 5 × 5 or 5 × 6 or 6 × 6. 5 × 5: In this trade we have |X| ≤ 6. So it cannot be extended to a 4-way latin square of order 8. 5 × 6: In this trade we have |X| ≤ 6 (one can show |X| = 5). So it cannot be extended to a 4-way latin square of order 8. 6×6: In this trade, there are five rows and five columns containing two empty cells. There are one row and one column with a single empty cell. We can assume the last row and column contain a single empty cell. If we show that
and 57 / ∈ I 4 [9] : We prove 40 / ∈ I 4 [8] and the other one is similar. Suppose 40 ∈ I 4 [8] . There are at least four filled cells in each row and column of its trade. So, its trade is 5 × 5 or 4 × 6 or 5 × 6 or 6 × 6. 5 × 5: Each element of this trade should appear in at least four cells of it. So at most six elements are in this trade. But this trade cannot be extended to the desired 4-way latin square of order 8. 4 × 6: Since each element should appear in at least four cells of this trade we have X = {1, 2, . . . , 6}. So this trade cannot be extended to the desired 4-way latin square of order 8 using the remaining two elements. 5 × 6: This trade has at least one row with two empty cells. Suppose the first row has two empty cells. Each column has an empty cell. We can assume the last two cells of first row are empty. So by Corollary 1.1 we have R 1 = C 1 = C 2 = C 3 = C 4 . This yields that X = R 1 . Therefore, this trade cannot be extended to the desired 4-way latin square of order 8 using the remaining four elements. 6 × 6: Each row and column has two nonempty cells. Similar to 6 × 6 case of 39 / ∈ I 4 [8] we can show that X = {1, 2, 3, 4}. And hence this trade cannot be extended to the desired 4-way latin square of order 8 using the remaining four elements.
• Proof of 41 / ∈ I 4 [8] and 58 / ∈ I 4 [9] : We prove 41 / ∈ I 4 [8] and the other one is similar. Suppose 41 ∈ I 4 [8] . There are at least four filled cells in each row and column of its trade. So, its trade is 5 × 5. It has two empty cells which are not in a common row or column. As |X| = 5, this trade is not extendible to the desired 4-way latin square.
• 8] we can show that X = {1, 2, 3, 4}. Hence this trade is not extendible to the desired 4-way latin square.
The results given above follow the following (main) theorem. Note that R 4 [n] denotes undecided values.
THEOREM 3.1 (MAIN) We have, 
Conclusion
The so-called intersection problem has been considered for many different combinatorial structures, including latin squares. This intersection problem basically takes a pair of structures, with the same parameters and based on the same underlying set, and determines the possible number of common sub-objects which they may have (such as blocks, entries, etc.). The intersection problem has also been extended from consideration of pairs of combinatorial structures to sets of three, or even sets of µ, where µ may be larger than 3. In this paper, we studied the problem of determining, for all orders n, the set of integers k for which there exists 4 latin squares of order n having precisely k identical cells, with their remaining n 2 − k cells different in all four latin squares, denoted by
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